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ABSTRACT

This study examines Rayleigh-wave propagation in an anisotropic piezoelectric half-space coated with a
functionally graded piezoelectric capping layer, accounting for a non-ideal interfacial condition. The state-
space transport equation is first derived from the governing field equations and constitutive relations. The
resulting system is then solved to obtain the state-vector transfer matrix and the associated stiffness
matrix. An overall surface stiffness matrix is constructed by assembling the contributions of the
piezoelectric substrate, the graded capping layer, and the non-ideal interface through appropriate matrix
coupling. The frequency—dispersion relation is subsequently formulated by imposing electrically open-
circuit and short-circuit conditions, together with a mechanically traction-free boundary condition at the
surface. Five graded capping-layer profiles are investigated, in which material properties vary smoothly
through the thickness, along with two non-ideal interface models: (i) a dielectric, weakly conducting
interface and (ii) a highly conducting yet mechanically compliant interface. Numerical results demonstrate
that the Rayleigh-wave phase velocity is strongly influenced by the selected gradient profile, particularly
when both mechanical and dielectric interfacial non-idealities are present.

Keywords-gradient capping layer; non-ideal interface; piezoelectricity; state transfer equation; surface

stiffness matrix; surface wave

I.  INTRODUCTION

The study of Surface Acoustic Waves (SAWs) in
inhomogeneous media constitutes a key research direction in
materials science and acoustic device engineering, owing to its
direct relevance to wave control and device miniaturization. In
particular, functionally graded piezoelectric layers and non-
ideal interfacial conditions have attracted sustained attention, as
they can substantially modify dispersion characteristics and
thereby enable performance improvements in modern sensors,
high-frequency  filtering = components, and  Micro-
Electromechanical Systems (MEMS).

SAWs underpin the operation of a wide range of devices,
including telecommunication filters, ultrasonic sensors, and
control-system components. The seminal study by authors in
[1] on SAW propagation in media with spatially varying
parameters established that material inhomogeneity can
markedly modify dispersion characteristics—an effect that
must be accounted for in acoustic-device design. Authors in [2]
provided a comprehensive treatment of acoustic waves in
periodic structures, emphasizing their practical significance for

signal filtering and acousto-optic applications. Authors in [3]
presented an in-depth analysis of SAW technologies for
telecommunications, documenting major advances in signal-
processing architectures based on piezoelectric substrates.

Rayleigh-wave propagation in gradient elastic structures
was examined in a foundational manner by authors in [4]. The
investigations by authors in [5] on thermoelastic Rayleigh
waves in exponentially graded half-spaces are particularly
pertinent to temperature-sensitive sensing applications. Authors
in [6] further demonstrated that damage in piezoelectric
materials can substantially influence Rayleigh-wave
characteristics; this line of inquiry was extended by authors in
[71, who analyzed dislocation—interface interactions in
piezoelectric laminates and their implications for wave
propagation.

The role of non-ideal interfaces in shaping wave
characteristics is increasingly recognized as a key factor in
improving the accuracy and precision of acoustic devices.
Authors in [8] demonstrated that functionally graded
piezoelectric materials can exhibit pronounced sensitivity to
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interfacial parameters, and systematically quantified the effects
of mechanically compliant and dielectrically imperfect
interfaces on Rayleigh-wave dispersion. Beyond classical
piezoelectric configurations, recent progress in modeling wave
propagation in complex media—such as nonlocal orthotropic
thermoelastic—diffusive materials with porosity [9, 10]—further
emphasizes the necessity of incorporating both gradient effects
and refined interface descriptions to obtain reliable dispersion
predictions and device-level performance estimates. From a
broader theoretical perspective, continuum-based formulations
for coupled mechanical and transport processes have been
developed extensively within filtration theory and the theory of
multiphase media. In particular, the continuum framework
proposed by authors in [11] provides a rigorous mathematical
foundation for coupled field equations in heterogeneous
materials with internal transport mechanisms; this formulation
has been adopted widely in advanced studies of wave
propagation and porous media, where the interplay between
mechanical fields, transport phenomena, and interfacial
conditions is essential.

This work provides a comprehensive analysis of Rayleigh-
wave propagation in a layered configuration consisting of an
anisotropic half-space, a functionally graded piezoelectric
capping layer, and a non-ideal interface. The principal
contributions are as follows: (i) a unified state-space transfer-
matrix formulation that captures, in a coupled manner, the
combined influence of material grading and interfacial non-
idealities; (ii) an efficient computational strategy for
functionally graded layers based on high-order Magnus
expansions supplemented by Padé approximants; and (iii) a
systematic parametric study of five representative gradient
profiles and two non-ideal interface models, yielding
quantitative guidance for the design, optimization, and
diagnostics of advanced SAW devices.

In a broader computational context, numerical techniques
for wave propagation in elastic continua have progressed
toward improved stability and accuracy under dynamic
loading. In particular, hybrid and semi-analytical approaches
have been shown to provide reliable predictions of surface- and
body-wave responses in half-space settings under complex
boundary conditions and transient excitations [12].

Recent advances in the theory of wave propagation in
complex continua include investigations of thermoelastic
diffusion in nonlocal orthotropic porous media and analyses of
Rayleigh-type waves in nonlocal orthotropic thermoelastic
media with diffusion [13, 14]. The former study establishes an
analytical framework for assessing the coupled influence of
nonlocal elasticity, porosity, and mass diffusion on the
resulting material response. The latter examines dispersion and
attenuation of Rayleigh-type surface waves under
thermoelastic—diffusive coupling in a nonlocal orthotropic
setting, thereby clarifying the extent to which interacting
physical mechanisms may govern surface-wave characteristics
in advanced materials. Collectively, these contributions reflect
growing interest in incorporating nonlocality and diffusion into
surface-wave modeling and motivate the development of more
comprehensive formulations for related layered and interfacial
configurations.

The novelty of this study lies in the development of a
unified analytical-numerical framework for Rayleigh-wave
propagation that simultaneously incorporates continuous
material grading within a piezoelectric capping layer,
mechanically and dielectrically non-ideal interfacial conditions,
and anisotropy of the underlying substrate. In contrast to prior
studies that typically address these effects in isolation or
approximate graded layers through layer-wise discretization,
the present work employs a state-space transfer-matrix
formulation solved using a high-order Magnus expansion
combined with Padé approximation. This approach provides a
stable and accurate treatment of continuously graded media and
enables systematic quantification of the coupled effects of
gradient profiles, interfacial imperfections, and -electrical
boundary conditions on surface-wave dispersion.

II. THEORETICAL FORMULATION

A. Stiffness Matrix of the Gradient Capping Layer

Consider an anisotropic elastic homogeneous half-space
coated with a gradient piezoelectric layer, separated by a non-
ideal interface, as depicted in Figure 1.
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Fig. 1. Homogeneous elastic half-space with a graded piezoelectric

capping layer: (a) geometry of the half-space and layer, (b) exemplary profiles
of material parameter variation within the capping layer.
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The dispersion relation for Rayleigh surface waves is
obtained by first evaluating the stiffness matrices associated
with the capping layer and the substrate, and subsequently
combining them to form the overall surface stiffness matrix for
the layered configuration. The governing equations together
with the constitutive relations of a linear piezoelectric solid can
be written, following [15], as:

lJl pul’ ”—0 (1)

0, = Ciikluk¢l+ekii¢,k’ D=e,u, , -9, 2

y

the mechanical
D, is the

electrical displacement vector, ¢, ¢,;, and ¢, are the elastic,

where o, is the stress tensor, u, is

displacement vector, ¢ is the electric potential,

piezoelectric, and dielectric constants, respectively, and p is

the mass density. For wave motion, the solution is sought in the
form:

{”i’¢}T

where k is the wavenumber and v is the phase velocity.

= {029} ¢ 3)

~ ~ T
Defining a state vector 77(z)= [ﬁx,ﬁz,qé, 6‘77,6XZ,D7J , the
governing equations reduce to a first-order matrix differential
equation for the inhomogeneous layer [16]:

dn(z)_

& = A(2)n(2) “4)

Here, A(z) is a 6 x 6 matrix whose elements depend on
the material properties, wavenumber k, frequency o, and the
gradient profiles. Equation (4) is the state transfer equation. A
transfer matrix T(z,z,) relates state vectors at two depths:

1(z) =T(z,z)1(z,) (5)
@= A@T(G5). Tz =1 ©)
<

The solution to (6) can be formally written as:

T(22) =eprA(§)d§] ™

20

For a layer with properties varying with z , the direct
computation of (7) is difficult. We employ the Magnus
expansion [9, 10]:

T(z,+ h, z,) = exp(£2(h)) (8)
QU =30, (h) ©)

where €Q,(h) are integrals involving commutators of A(z) .
The moments matrices are defined as [17]:
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A= J A(§)dE,
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A sixth-order truncated Magnus series is used:

3

Q(h) = hA, +h (A A+AA)+.. an

The matrix exponential in (8) is then evaluated using an
eighth-order diagonal Padé approximation. The surface
stiffness matrix K of the layer, defined by the relation
between generalized tractions t and displacements u at its

surface (z =0), is obtained from the transfer matrix:
t(0) =K, (0) 12)
B. Stiffness Matrix of a Homogeneous Piezoelectric Half-
Space
For a homogeneous half-space (z > H), the matrix A in
(4) is constant. Let 4, and &, (m=1,...,
and eigenvectors of A. They are partitioned into two sets: lp
with Re(4,) <0 or Im(2,)>0, and 4, with Re(4)>0 or

Im(/iq) <0, corresponding to waves decaying as z —> 4o and

6) be the eigenvalues

z——oo, respectively. The matrix of eigenvectors is
partitioned as:

—_ —_ —_
= = =
- uo| i U
E= = (13)
—_ —_ —_
= = =
t ] 1,

and its inverse as:
1
1

Ez]{ 2} (14)

substrate occupying z>H,

[1]
[1]

——1 =l
o ==

[1]
[1]

1

U
2
u

For a only the three
eigenvalues with negative real parts (denoted /11‘.“), j=12,3)

are physically admissible. The transfer matrix for the substrate

is:
US =(s)
T = U] {:m}\ (z—H) (15)

where E*

and E contain the displacement and traction

components of the  relevant
3 (), ), (5),

As(z):dlag[e'11 e em .

z=H is:

3 u(H) 3 EL‘”AS(O) _ Eff)
= L(HJ - LA <o>}c _[:} (1o

eigenvectors, and
The relation at the interface
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where ¢ is a constant vector. Eliminating ¢ gives the surface T=T?T®",
stiffness matrix of the half-space K,: 24

K, =5()(2")" (17)

C. Stiffness Matrix for a Non-Ideal Interface

Under ideal bonding, the displacement field, traction
vector, electric potential, and normal electric displacement are
continuous across the interface. Real interfaces may deviate
from this idealization due to imperfect bonding, thin
interphases, or microstructural defects. Consistent with [18,
19], we represent these effects using a zero-thickness interface
model with linear interfacial constitutive laws, in which
discontinuities in displacement and electric potential are related
linearly to the interfacial traction and normal -electric
displacement, respectively.

1. Mechanically Compliant and Dielectrically Weakly
Conducting Interface:

[[u]] =R t", [[¢]] =R,DY (18)

where [] denotes the jump across the interface,

superscripts (1) and (2) denote substrate and layer sides,
R,=diag[R ,R ,] and R, are interface compliance

R,.,R,—0

cases R, ,R,,
represent an ideal interface, whereas R, — oo signifies

ml 2

parameters. The limiting

complete mechanical debonding, and R, —o0
represents a perfectly insulating interface. The transfer

matrix T for this interface type can be expressed as:

- L0 (19)
int R;] I

R, I
K=" 20
1n { I 0} ( )

2. Mechanically Compliant and Dielectrically Highly
Conducting Interface:

[[u]] =R, t", D"=D® =0 (21)
This model assumes perfect electrical contact
(continuous ¢ ) but allows mechanical slip. The
corresponding transfer relation is:

I O
Tfn?{Rl J (22)

D. Overall Surface Stiffness Matrix and Dispersion Relation

For two layers with ideal interface, if their transfer and
stiffness matrices are known:

T(l),K(l); T(Z)’K(Z) (23)

then the combined transfer and stiffness matrices are:

K=K?2 +TOK®M (I _gK® )“ "

where S® is derived from T®.For the capping layer with a
non-ideal interface (Type 1), the equivalent transfer matrix and
stiffness matrix are:

— )
T,=T,T

cap “int *

(25)

int int cap

_ 1) )\ -1pT
K,=K,+T, K¥(I-S K&»)'T

Then the overall transfer matrix and stiffness matrix for the
half-space with capping layer and non-ideal interface are:

T, ,..=TT

total — s “eq®

(26)
K = K.Y+T$Keq(I_SsKeq)_lTsT

total

The overall surface stiffness matrix relates the generalized
traction vector t(0) to the generalized displacement vector

u(0) at the surface:
t(0)=K,,,u(0) 27)

The dispersion relation is obtained by imposing mechanical
and electrical boundary conditions at the top surface (z=0).

1. Electrically open-circuit and mechanically stress-free
surface:

o.(0)=0.(0)=0, D.(0)=0 28)

Substituting into (27) leads to a homogeneous system.
The existence of a non-trivial solution requires:

K, K, Kg;
det| | K, K, K |[=0 (29)
Ky Ko Kg

where K, are elements of K

ij total *

Equation (29) is the
dispersion relation for this case.

2. Electrically short-circuit and mechanically stress-free
surface:

0.(0)=0,_,0)=0, ¢0)=0 (30)
Substituting into (27) gives:

K, K, Kg;|lu(0)
K5, K5, K ||u (0)|=0 (31)
K, Ky K|l ¢0)

With ¢(0) =0, a non-trivial solution exists when:

K, K
det[[ oo D =0 (32)
KSI K52

www.etasr.com

Kholmurodov & Matanov: Rayleigh Wave Propagation in an Anisotropic Half-Space with a Graded ...



Engineering, Technology & Applied Science Research

Vol. 16, No. 2, 2026, 33766-33775 33770

where K;. =K, -K;K,, /Ky (for i, j=1,2). Equation
(32) is the dispersion relation for the short-circuit case.

E. Material Gradient Profiles

The material properties in the graded capping layer vary
according to:

P(z) =P” +(P" —P?) f(z/ H) (33)

where P’ and P“ are properties at bottom and top, and
f(&) is a profile function. We investigate five profiles:

Case 1:f({)=¢;

Case 2:f(&)=¢7;

Case 3:f(¢)=¢;

Case 4:f(¢) = sin(ng 1 2);
Case 5: f({)=1—cos(n¢ 2)

(34)

III. NUMERICAL RESULTS AND DISCUSSION

We consider an isotropic elastic substrate coated with a
graded, transversely isotropic piezoelectric layer (PZT-5H) of
thickness H , with a non-ideal interface between them, as

shown in Figure 1. The substrate material constants (4, 1, p,)
are given in Table I. The material properties at the bottom
(z=H) and top (z=0) of the capping layer are denoted as

P? and P, respectively, with P® corresponding to
standard PZT-5H parameters (Table II). The property variation

through the layer thickness follows the power-law profile of
(33).

diverge at high frequencies. The influence of the surface
electrical condition is significant: the effects of different
gradient profiles are more pronounced under short-circuit
conditions (Figure 3(b)) than under open-circuit conditions
(Figure 3(a)). For P® <p® (Figure 4), the behavior is
different: Case 3 gives lower velocity than Case 1 at low
frequencies, again reversing at high frequencies. In this
scenario, the dispersion curves are nearly insensitive to the
surface electrical condition.

TABLE L. SUBSTRATE (ISOTROPIC ELASTIC) MATERIAL
CONSTANTS
Parameter A (GPa) 4 (GPa) p. (kg/m*)
Value 78.5 16.1 2,200
TABLE IL MATERIAL CONSTANTS FOR PZT-5H AT THE
BOTTOM OF THE CAPPING LAYER (z=H) [9, 20]
Elastic Piezoelectric Dielectric Density
¢; (GPa) e; (C/m?) &; (nF/m) p. (kg/m®)
¢, =151,
, =98, =-5.1,
), o €5 ” €, = 15’ 7500
¢; =96, ey, =217, >
8 s €, =13.27
¢, =124, ;=17
¢, =23

A. Effects of the Gradient Capping Layer

Figure 2 illustrates the five gradient profiles for two
scenarios: (a) P“ >P® and (b) P” <P?® . Figures 3 and 4
show the corresponding dispersion curves for an ideal
interface. The wave velocity is sensitive to the gradient profile.

For P > P, the velocity for Case 3 is higher than for Case 1
at low frequencies (kH <1), reversing at higher frequencies.
Cases 4 and 5 show similar velocities at low frequencies but

1
]
Piz)
-1
-2
0 0.5 1 1.5 2
z
Case 1 Case 2 Case 3
Case 4 (Case 5
()
2
1.8
1.6
P(z)
1.4
1.2
|
0 0.5 1 1.5 2
Z
Case | Case 2 Case 3
Case 4 Case 5
(b)
Fig. 2. Five types of gradient profiles for the capping layer, showing the

variation of a representative material parameter: (a) P >P"”

P <p®

. (b)
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Fig. 3. Effect of five gradient profiles on dispersion curves in the case of
an ideal interface and P’ > P : (a) open circuit, (b) short circuit.
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c/c0

0.9

kh
®)
Fig. 4. Effect of five gradient profiles on dispersion curves in the case of
an ideal interface and P <P : (a) open circuit, (b) short circuit.

Figure 5 shows the dispersion curve for a homogeneous
capping layer for comparison. It exhibits a monotonic decrease
in velocity with increasing kH, asymptotically approaching a
constant value. The graded layers produce distinctly non-
monotonic and profile-dependent behaviors, especially at
higher frequencies. This demonstrates that tailored gradient
profiles offer a powerful means to control SAW dispersion for
specific device applications.

= QOpen-circuit boundary
=== Short-circuit boundary
1.15
D 1.10
S
1.05 A
1.00 A
I I I 1 I 1
0 1 2 3 4 5
kh
Fig. 5. Dispersion curves for a homogeneous capping layer with an ideal

interface.

B. Effects of a Non-Ideal Interface

We now consider two non-ideal interface types with a fixed
gradient profile (Case 1, P“ >P"” ). The mechanical non-
ideality is governed by parameters R, =R , =R, , and the

dielectric non-ideality by R, (for Type 1) or the condition
D, =0 (for Type 2).
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Figures 6 and 7 show the effect of the mechanical
compliance parameter R, on wave velocity for a Type 1
(weakly conducting) interface. As R increases (i.e., as the
interface becomes more compliant), the Rayleigh wave
velocity decreases under both open and short-circuit conditions.
This behavior is physically consistent, as a softer interface
reduces the effective stiffness of the composite structure. The
sensitivity to R is highest in the low-to-mid frequency range

(kH<2).

The influence of the dielectric parameter R, for the Type 1

interface is shown in Figure 8. A larger R, (more insulating

interface) also leads to a reduction in wave velocity, though the
effect is generally less pronounced than that of mechanical
compliance. This is attributed to the altered electromechanical
coupling across the interface.

1.15

1.10 1

c/cO

1.05 A

1.00

1.15

1.10

c/c0

1.05 -

1.00

kh
()
Fig. 6. Effect of interface parameter R, on surface wave velocity at a

dielectric weakly conducting interface (Type 1): (a) open circuit, (b) short
circuit.
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c/c0

1.05 A
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1.10 1

c/c0

1.05 A

1.00

kh
()

Fig. 7. Effect of interface parameter R, on surface wave velocity at a

dielectric weakly conducting interface (Type 1): (a) open circuit, (b) short
circuit.
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1.025 A

1.000 A

kh
(®)
Fig. 8. Effect of interface parameter R, on surface wave velocity at a

dielectric highly conductive interface (Type 2): (a) open circuit, (b) short
circuit.

Figure 9 presents the results for Type 2 (highly conducting)
interface. A key observation is that for this interface type,
under short-circuit conditions at the surface, the wave velocity
becomes virtually independent of the mechanical compliance
R, . This is a significant result, indicating that electrical

shorting at the surface can mask the effects of certain
interfacial mechanical imperfections.

C. Model Validation

To validate the proposed formulation and numerical
scheme, the computed dispersion curves are compared with
benchmark results reported in the literature for a homogeneous
elastic half-space coated with a homogeneous layer and joined
by a perfectly bonded interface. This configuration provides a
standard reference case for assessing the accuracy of surface-
wave dispersion predictions.

c/c0

Vol. 16, No. 2, 2026, 33766-33775 33773
1.20
1.15 -~
T
S 1.10 -
1.05 A
1.00 A
T T T T T T
0 1 2 3 4 5
kh
()
Fig. 9. Effect of interface parameter ky on surface wave velocity at a

dielectric-highly conductive interface: (a) open circuit, (b) short circuit.

Figure 10 shows a direct comparison between the present
predictions and those presented in [10] under electrically open-
circuit boundary conditions. The two solutions exhibit excellent
agreement across the investigated frequency range. Small
discrepancies observed at higher frequencies (within 5%) are
plausibly  attributable to  differences in  numerical
implementation—specifically, the high-order Magnus—Padé
strategy adopted here versus discretization-based approaches
used in [10]. Overall, this benchmark comparison supports the
accuracy and numerical robustness of the proposed model.

1.20

kh

Fig. 10. Comparison of surface-wave phase velocity for a homogeneous
elastic half-space with a homogeneous covering layer, coupled via a perfectly
bonded interface, under electrically open-circuit boundary conditions. Curve 1
shows the results of the present study, whereas curve 2 reproduces the
reference solution from [10].

IV. CONCLUSIONS

A unified analytical-numerical framework is proposed for
Rayleigh-wave propagation in an anisotropic elastic half-space
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with a functionally graded piezoelectric coating and
mechanically/dielectrically non-ideal interfacial conditions.
The problem is formulated in state-space form via a transfer-
matrix representation and computed using a high-order
Magnus—Padé strategy, providing an accurate representation of
continuous through-thickness material grading.

This study advances Surface Acoustic Wave (SAW)
dispersion modeling by integrating, within a single coherent
framework, continuous through-thickness material grading,
mechanically/dielectrically imperfect interfacial conditions,
and anisotropic  substrate  behavior. = Whereas prior
investigations commonly consider these factors separately or
represent graded layers through discretized laminates, the
present approach accounts for their mutual coupling in a
consistent and efficient computational setting.

The present work is distinguished by the use of a high-order
Magnus expansion supplemented by Padé approximation to
solve the state transfer equation for continuously graded
piezoelectric layers with mechanically and/or dielectrically
non-ideal interfacial conditions. This treatment circumvents the
need for laminate-type discretization of the grading and thereby
improves numerical robustness while maintaining accuracy,
enabling extensive parametric exploration. The analysis further
provides the following physical insights:

1. Rayleigh-wave dispersion can be tailored effectively by
the through-thickness gradient profile of the capping
layer, producing non-monotonic and frequency-
dependent variations in phase velocity that are absent in
homogeneous coatings.

2. The sensitivity of the phase velocity to both material

grading and interfacial non-idealities is markedly
amplified under electrically short-circuit surface
conditions.

3. Under short-circuit conditions, a dielectrically highly
conducting interface can effectively attenuate (or
suppress) the influence of mechanical interfacial
compliance on the Rayleigh-wave phase velocity; to the
best of our knowledge, this specific coupling effect has
not been reported previously.

The contribution of this work to the existing literature is
threefold. First, it provides a rigorous quantitative assessment
of the effects of through-thickness gradient profiles and
interfacial parameters on Rayleigh-wave propagation over low-
to medium-frequency regimes. Second, supported by
benchmark validation, it demonstrates that functional grading
constitutes an effective mechanism for controlling dispersion in
piezoelectric surface-wave devices. Third, it offers physically
interpretable design guidance that delineates regimes in which
interfacial non-idealities must be modeled explicitly from those
in which their impact can be reduced through appropriate
electrical boundary conditions.

From an applied perspective, the results indicate that
realistic modeling of SAW devices necessitates the concurrent
consideration of fabrication-induced material grading and
interfacial degradation effects. In this regard, the proposed

framework provides a reliable theoretical tool for both the
design and non-destructive evaluation of advanced SAW-based
sensors, filters, and microsystems.

Future work may extend the present formulation to
viscoelastic and thermo-electro-mechanical material models,
more general interfacial constitutive descriptions, and
additional guided-wave modes, such as Love waves or plate
waves, in functionally graded piezoelectric structures.
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